Let k be an integer, k ≥ 3, and let Z k be the cyclic group of order k. Take λ k ∈ [k + 2, ∞)
Introduction
In this note, all graphs have no loop, but multiple edges are allowed. Let G be a graph, let k be an integer, k ≥ 3, and let f : V (G) → Z k be a mapping such that |E(G)| Tutte's 3-Flow Conjecture says that every 4-edge-connected graph admits a nowhere-zero 3-flow. In 2012 Thomassen showed that every 8-edge-connected graph admits a nowhere-zero 3-flow, and in addition constructed the following theorem. Theorem 1.( [13] ) Let G be a graph, let k be an integer, k ≥ 3, and let f :
In 2013 Lovász, Thomassen, Wu, and Zhang [8] refined Theorem 1 as the follows, concluding that every 6-edge-connected graph admits a nowhere-zero 3-flow. They also remarked that if the edgeconnectivity needed in the following theorem can be reduced by 1, then Tutte's 3-Flow Conjecture is true.
Theorem 2.([8])
Let G be a graph, let k be an integer, k ≥ 3, and let f :
In this note, we reduce the edge-connectivity needed in Theorem 2, but require the graph to have many edge-disjoint spanning trees. Also, we show that every graph with 4 edge-disjoint spanning trees is Z 3 -connected and so admits a nowhere-zero 3-flow.
1 Modulo k-Orientations in Graphs with Many Edge-Disjoint
Spanning Trees
The next theorem improves Theorem 2 in graphs with many edge-disjoint spanning trees.
Theorem 3. Let G be a graph, let k be an integer, k ≥ 3, and let f :
If G is λ k -edge-connected, then it follows from the definition of λ k . Thus, we assume G is not
edge cut of G with minimum size. Note that |C| ≤ λ k − 1 and G \ C is composed by two disjoint connected graphs G 1 and G 2 . Let r ∈ {0, . . . , k − 1} be the unique integer with
Suppose first that |E(C)| = λ k −2. This implies that for each tree T j , |E(C)∩E(T j )| = 1, and hence
one can orient r edges of C from G 1 to G 2 and |E(C)| − r remaining edges from G 2 to G 1 . Now,
is the number of edges of C directed away from v. Since
and
Thus the induction hypothesis implies that every graph G j has an f j -orientation. It is not hard to see that these orientations of G 1 , C, and G 2 induce an f -orientation for G. In future cases, we leave some details for the reader in order to apply the induction hypothesis. Now, suppose that |E(C)| = λ k − 1. Without loss of generality assume that |E(C) ∩ E(T 1 )| = 2
and |E(C)∩E(T j )| = 1 for each tree T j with j > 1. Also, without loss of generality assume that the spanning graph of G 1 with the edge set E(
edge-disjoint spanning trees. In G, contract all vertices of G 1 to a single vertex (by removing loops) and call the resulting graph G ′ 2 . It is easy to see that G 
, where g(v) is the number of edges of C directed away from v. At present, by the induction hypothesis, the graph G 1 has an f 1 -orientation.
It is not hard to see that the f 1 -orientation of G 1 and f
In the final case, set V (G 1 ) = {u}. Let xu and uy be the two edges of T 1 incident to u. Now, remove the vertex u from G and add a new edge xy to G. Call the resulting graph H.
Since T 1 is a tree with no multiple edges, x = y and so H has no loop. Note also that |E(H)| = |E(G)| − |E(C)| + 1. It is not hard to see that H contains λ k − 2 edge-disjoint spanning trees. In G orient the edge xu from x to u and orient the edge uy from u to y. Next, orient exactly r u − 1 edges of E(C) \ {xu, uy} away from u and orient all remaining edges of E(C) in opposite direction, where r u ∈ {1, . . . , k} is the unique integer with r u k ≡ f (u). Since |E(C)\{xu, uy}| = λ k −3 ≥ k−1 ≥ r u −1, this orientation of C is possible. Now, let h : V (H) → Z k be a mapping such that for each vertex
, where g(v) is the number of edges of C \ {xu, uy} directed away from v. By the induction hypothesis, H has an h-orientation. It is not difficult to see that the h-orientation of H and the orientation of C induce an f -orientation for G. Notice that if the edge xy of H oriented from y to x, for inducing, the direction of two edges xu and uy in G must be reversed. This completes the proof.
The next corollary can be proved similarly to Proposition 2 in [14] . Note that a similar statement of the following result was appeared in [4] , see also [3, 9] . Corollary 1. Let k and r be two nonnegative integers with k ≥ 3. If G = (A 1 , A 2 ) is a bipartite graph with 2r + λ k − 2 edge-disjoint spanning trees and |E(G)| is divisible by k, then G admits a decomposition into two spanning graphs G 1 and G 2 such that each G i contains r edge-disjoint spanning trees and degree of each vertex in
Remark 1. Corollary 1 reduces the edge-connectivity needed to decompose a graph into isomorphic copies of a fixed tree in [1, 3, 4, 9, 11, 12] . For instance, it can reduce the edge-connectivity needed in Theorem 1 in [11] and Theorem 4 in [12] down to 55 and 99 with exactly the same proofs that described in [9, Pages 14 and 16] Corollary 2. Every graph with 4 edge-disjoint spanning trees is Z 3 -connected and so admits a nowhere-zero 3-flow.
Jaeger, Linial, Payan, and Tarsi [5] conjectured that every 5-edge-connected graph is Z 3 -connected, (in other words λ 3 = 5). Hence with respect to this conjecture, one can formulate the next corollary.
Note that the complete graph of order 4 contains 2 edge-disjoint spanning trees and is not Z 3 -connected.
Corollary 3. If every 5-edge-connected graph is Z 3 -connected, then every graph with 3 edgedisjoint spanning trees is Z 3 -connected.
Remark 2. Kochol [6] proved that if every 5-edge-connected graph admits a nowhere-zero 3-flow, then Tutte's 3-Flow Conjecture is true.
Conclusion
In 2006 Barát and Thomassen [2] conjectured that for every tree T there exists a natural number k T such that every k T -edge-connected simple graph of size divisible by |E(T )| has a T -edgedecomposition. However, this conjecture investigates only the existence of k T , an upper bound on k T was stated in [1] as the following conjecture. Note that every graph with edge-connectivity 2k contains k edge-disjoint spanning trees [10, 15] .
) Let G be a simple graph of size divisible by k with k ≥ 1, and let T be a tree of size k. If G contains k edge-disjoint spanning trees, then G admits a T -edge-decomposition.
When k ≥ 3, the special case k-star of the above-mentioned conjecture can conclude the next conjecture (more precisely they are equivalent), using an idea that was used in [7] . To see this, for every vertex v of the graph G, replace a large graph H v containing k edge-disjoint spanning trees with |E(H v )| + f (v) k ≡ 0 such that after replacing the resulting graph forms a simple graph.
Since the new graph contains k edge-disjoint spanning trees and its size is divisible by k, by the assumption it admits a k-star-decomposition. Now, orient the edges of these stars away from their centres. It is not difficult to see that this orientation induces an f -orientation for G.
Conjecture 2. Let G be a graph, let k be an integer, k ≥ 3, and let f : V (G) → Z k be a mapping such that |E(G)| k ≡ v∈V (G) f (v). If G contains k edge-disjoint spanning trees, then G has an f -orientation.
On the other situation, if for every k ≥ 3 we have λ k ≤ 2k − 1 (see the last paragraph in [7] ), then by Theorem 3 one can conclude the next weaker version of Conjecture 2. Note that for the special case k = 2, it was proved in [13, Section 4] Conjecture 3. Let G be a graph, let k be an integer, k ≥ 2, and let f : V (G) → Z k be a mapping such that |E(G)| k ≡ v∈V (G) f (v). If G contains 2k − 3 edge-disjoint spanning trees, then G has an f -orientation.
